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We cons ider  the s tat ionary plane-paral le l  convective flow, studied in [1], which appears in a 
two-dimensional  horizontal  l ayer  of a liquid in the presence  of a longitudinal t empera ture  
gradient.  In the present  paper  we examine the stability of this flow relat ive to small  pe r tu r -  
bations. To solve the spectral  amplitude problem and to determine the stability boundaries 
we apply a version of the Galerkin method, which was used ear l ie r  for  studying the stability 
of convective flows in ver t ical  and inclined layers  in the presence  of a t r ansve r se  t empera -  
ture  difference or  of internal  heat sources  (see [2]). A horizontal  plane-paral le l  flow is found 
to be unstable re lat ive to two cr i t ica l  modes of perturbat ions.  F o r  small  Prandtl  numbers  the 
instability has a hydrodynamic cha rac te r  and is associated with the dcvelopment of vor t ices  
on the boundary of counterflows. Fo r  moderate  and for large  Prandt l  numbers  the instability 
has a Rayleigh cha rac t e r  and is due to a thermal  stratif ication ar is ing in the stat ionary flow. 

1. Stationary Flow. We cons ider  a two-dimensional  horizontal  layer  of a liquid, bounded by the solid 
planes x = ~- h. On the two planes the tempera ture  is given and var ies  l inearly with the coordinate  z: 

T O = A z  (1.1) 

In a sufficiently long layer  a plane-paral le l  s tat ionary flow appears,  having the following s t ructure:  

u s = v ~ = 0 ,  v~=v0(z) ,  
T o .= A z  -!- "% (x), p = Po (x, z) (1.2) 

The stat ionary velocity, temperature ,  and p r e s s u r e  distributions may be obtained from the equations 

t 0p0 
g~(Az  + ~o), + - ~ z  n =  VVo", Avo = X'ro" p Oz ' (1.3) 

Here p is the average density, g is the gravitat ional  accelerat ion,  and v,  X, and ~ are,  respectively,  
the coefficients of kinematic viscosity,  thermal  diffusivity, and thermal  expansion. On the boundaries of 
the layer  we have 

v 0 = 0, T o = 0 (x-----!h) 

In addition, we assume the closed flow condition to be satisfied: 

(1.4) 

h 

f v0dx = 0 
--h 

(i.5) 

F r o m  the Eqs. (1.3), with thc boundary conditions (1.4) and (1.5), we de terminc  the stat ionary flow [1] 

(1.6) 
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The flow c o n s i s t s  of two h o r i z o n t a l  c o u n t e r  flows. The  f o r m  of the veloci ty  d i s t r i b u t i o n  t u r n s  out to 

be  of the kind which a p p e a r s  in the c a s e  of a v e r t i c a l  l a y e r ,  the b o u n d a r i e s  of which a r e  m a i n t a i n e d  at  d i f -  
f e r e n t  t e m p e r a t u r e s .  It c an  be expected that  for  a suf f ic ien t ly  l a r g e  p r e s s u r e  i n t ens i t y  (i .e. ,  f o r  a su f f i c -  
ien t ly  l a rge  g r a d i e n t  A) a h y d r o d y n a m i c  type of i n s t ab i l i t y  wil l  a r i s e .  

F r o m  the d i s t r i b u t i o n  of t e m p e r a t u r e  it  follows that,  al though for  a given z t h e r e  is  no t r a n s v e r s e  
t e m p e r a t u r e  d i f f e r ence  be tween  the l a y e r  b o u n d a r i e s ,  the flow leads  to the f o r ma t i on  of two l a y e r s  in the 
l iquid,  in the i n t e r i o r  of which t h e r e  is a po ten t ia l ly  u n s t a b l e  t e m p e r a t u r e  s t r a t i f i c a t i on .  T h e s e  l a y e r s  a r e  
loca ted  c l o s e  to the uppe r  and lower  bounda ry  p lanes .  F o r  a suf f ic ien t ly  l a r g e  v e r t i c a l  t e m p e r a t u r e  d i f f e r -  
ence  in t he se  l a y e r s  (propor t iona l  to A 2) we can  expect  an i n s t ab i l i t y  of Rayleigh type to appear .  

2. Equa t ions  fo r  the P e r t u r b a t i o n s .  Method of Solution.  To study the s t ab i l i ty  of the s t a t i ona ry  r e -  
g ime  (1.6), we c o n s i d e r  the p e r t u r b e d  flow v0+v,  T 0 + T ,  p0§ w he r e  v, T, and p a r e  s m a l l  p e r t u r b a t i o n s  of 
the p l a n e - p a r a l l e l  flow. We in t roduce  the fol lowing uni t s  of m e a s u r e m e n t  for  d i s t ance ,  t i me ,  ve loc i ty ,  t e m -  
p e r a t u r e ,  and p r e s s u r e :  h, h2/u, gflAha/u,  Ah and pgflAh 2. In d i m e n s i o n l e s s  fo rm the equat ions  fo r  s m a l l  
p e r t u r b a t i o n s  a r e  

0 v / 0 t J ,  G[(vv) v 0 + ( v 0 v ) v l = - - V p §  (2.1) 

c)T / at q- G [vvT o q- voVT] = P - I A T  (2.2) 

div v -- 0 (2.3) 

Here  T is a uni t  vec to r ,  d i r e c t e d  v e r t i c a l l y  upwards ,  G = gflAh4/u 2 is  the  Grashof  n u m b e r ,  P = u/X is 
the P r a n d t l  n u m b e r ,  and v 0 and T o a r e  the d i m e n s i o n l e s s  u n p e r t u r b e d  ve loc i ty  and t e m p e r a t u r e  p ro f i l e s  

v0 = l /6 (x  3 - x), To = z + GP'~o, 
T O ----- 1/360 (3x ~ - -  10x a + 7x) (2.4) 

The  p e r t u r b a t i o n s  sa t i s fy  the homogeneous  boundary  cond i t ions  

v = 0 ,  r = 0 ( x = I f )  (2.5) 

We c o n s i d e r  t w o - d i m e n s i o n a l  p e r t u r b a t i o n s .  In this  c a s e  the veloci ty  c o m p o n e n t s  Vx and v z a r e  d i f -  
f e r e n t  f r o m  ze ro  and a l l  the quan t i t i es  a r e  independen t  of the c o o r d i n a t e  y. In t roduc ing  n n o r m a l "  p e r t u r b a -  
t ions  of the s t r e a m  funct ion and of the t e m p e r a t u r e ,  n a m e l y ,  

, = q) (x) exp ( - -  7.t -.- ikz), T ---- 0 (x) exp ( - -  ~.t + ikz) (2.6) 

we obta in  for  the a m p l i t u d e s  q0 and 0 the  s p e c t r a l  p r o b l e m  

AAq~ --  ikG (VoA T - -  vo'q~) - -  ik0 ---- - -  kAq~ (h ~ d 2 / dx 2 - -  k 2) (2.7) 

P - Ih0  - -  ikG (voO - -  GPTo'~) - -  G~' = - -  ~.0 (2.8) 

(p = (p' = 0, 0 = 0 (x = ~ f )  (2.9) 

The  d e c r e m e n t  it, depend ing  on the p a r a m e t e r s  G, P, and the wave  n u m b e r  k, is  a c h a r a c t e r i s t i c  n u m -  
b e r  of the b o u n d a r y - v a l u e  p r o b l e m  (2.7)-(2.9).  

We note  h e r e  the d i f f e r e n c e s  be tween  the b o u n d a r y - v a l u e  p r o b l e m  (2.7)-(2.9) and the p r o b l e m  which 
a r i s e s  in s tudying  the s tab i l i ty  of a s t a t i o n a r y  convec t i ve  flow between v e r t i c a l  p l anes ,  hea ted  to a d i f f e r -  
cnt t e m p e r a t u r e  [2]. One of t he se  d i f f e r e n c e s  is  that  in the heat  conduc t ion  Eq. (2.8) a new t e r m ,  C~,, i s  
p r e s e n t ;  this  t e r m  d e s c r i b e s  the convec t i ve  heat  t r a n s f e r  in the f ield of the long i tud ina l ly  u n p e r t u r b e d  t e m -  
p e r a t u r e  g rad i en t .  The  second  d i f f e r e n c e  is in the f o r m  of the l if t  fo rce  t e r m  in the equat ion of mot ion  
(2.7); in the c a s e  c o n s i d e r e d  the l if t  fo rce  is  p e r p e n d i c u l a r  to the p l a ne s .  Ano the r  d i f f e r ence  is  that the 
u n p e r t u r b e d  t e m p e r a t u r e  has  a m o r e  invo lved  d i s t r i b u t i o n  over  a c r o s s - s e c t i o n .  

J u s t  as  in the c a s e  of a flow be tween  p a r a l l e l  p l a t e s  hea ted  to d i f f e ren t  t e m p e r a t u r e s  [3-6], we so lve  
the amp l i t ude  p r o b l e m  by applying G a l e r k i n ' s  method.  We w r i t e  the a m p l i t u d e s  ~p and 6 in the f o r m  of the 
expans ions  
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ep= ~_j a,~q~,, 0 = ~ broom (2.10) 
i n ~ 0  m-----O 

As the b a s i s  f unc t i ons  ~0 n and 0m, w e  u s e  the  n o r m a l i z e d  a m p l i t u d e s  of the  p e r t u r b a t i o n s  in the  f ixed  
l a y e r  of l iquid ;  t h e s e  a m p l i t u d e s  a r e  c h a r a c t e r i s t i c  func t ions  of the  b o u n d a r y - v a l u e  p r o b l e m s  

A A ~  = - - , ~ A ~ , ,  ~ , ( ~ I )  = ~ ' ( 4 - 1 )  = 0  

P-XA0m = - -  v,,0,~, 0m ( - -  1) - -  0 (2.11) 

In the  a p p r o x i m a t i o n s  (2.10) we r e t a i n e d  10-20 of the  func t ions  a p p e a r i n g  in the  e x p a n s i o n s  of q~ and 0. 
A s t a n d a r d  p r o c e d u r e  l e a d s  to a s y s t e m  of l i n e a r  h o m o g e n e o u s  equa t ions  fo r  the  c o e f f i c i e n t s  an and bin;  the  
c h a r a c t e r i s t i c  d e c r e m e n t s  ;~ = ~(G, P,  k) a r e  ob ta ined  f r o m  the cond i t i on  f o r  the  s o l v a b i l i t y  of t h i s  s y s t e m .  

3. P e r t u r b a t i o n  S p e c t r a  and S t a b i l i t y  B o u n d a r i e s .  Depend ing  on the  va lue  of the  P r a n d t l  n u m b e r ,  the  
f low i n s t a b i l i t y  i s  s t i p u l a t e d  by two qua l i t a t i ve ly  d i f f e r e n t  m e c h a n i s m s .  

F o r  s m a l l  v a l u e s  of the  P r a n d t l  n u m b e r ,  a s  w e l l  a s  in the  l i m i t i n g  c a s e  P ~ 0, the  i n s t a b i l i t y  i s  a s -  
s o c i a t e d  with h y d r o d y n a m i c  p e r t u r b a t i o n s  of monotonic  type .  F i g u r e  1 p r e s e n t s  the  s p e c t r u m  of d e c r e m e n t s  
f o r  f ixed  v a l u e s  of P = 0.1 and k = 1.3. Shown p lo t t ed  a r e  the  r e a l  p a r t s  of the  d e c r e m e n t s  ),r a s  func t ions  
of the  G r a s h o f  n u m b e r .  The  d a s h e d  c u r v e s  r e f e r  to b r a n c h e s  of h y d r o d y n a m i c  t ype  ~ l e v e l s ) ,  wh i l e  the  
s o l i d  c u r v e s  r e f e r  to t h e r m a l  b r a n c h e s  (v l e v e l s ) .  The  d a s h - d o t  c u r v e s  deno t e  c o m m o n  r e a l  p a r t s  of c o m -  
p l e x - c o n j u g a t e  d e c r e m e n t s ,  f o r m e d  f r o m  the m e r g i n g  of a p a i r  of r e a l  l e v e l s .  

At  po in t s  w h e r e  the  r e a l  b r a n c h e s  m e r g e ,  p a i r s  of o s c i l l a t i n g  p e r t u r b a t i o n s  a r e  f o r m e d .  T h e i r  p h a s e  
ve loc i t y  (in traits of m a x i m u m  ve loc i ty  of the  u n p e r t u r b e d  flow) i s  c o n n e c t e d  with the  i m a g i n a r y  p a r t  of the  
d e c r e m e n t  ;~i th rough  the  r e l a t i o n s h i p  c = 9v3) , i /kG.  A s  G i n c r e a s e s ,  the  p h a s e  ve loc i t y  i n c r e a s e s  m o n o -  
t o n i c a l l y ;  f o r  e x a m p l e ,  when G = 1000, the  p h a s e  v e l o c i t y  of the o s c i l l a t i n g  p e r t u r b a t i o n s  f o r m e d  f r o m  the  
m e r g i n g  of the  r e a l  l eve l s /~1  and p~ has  a va lue  c ~ 0.5. 

The  l o w e r  level /~0,  which s t a y s  r e a l ,  c h a n g e s  i t s  s ign  at  the  c r i t i c a l  v a l u e  of the  G r a s h o f  n u m b e r ;  the  
f low b e c o m e s  u n s t a b l e  r e l a t i v e  to a p e r t u r b a t i o n  p o s s e s s i n g  a z e r o  p h a s e  ve loc i t y .  By v a r y i n g  the  p a r a m -  
e t e r  k, w e  can  ob ta in  the  n e u t r a l  s t a b i l i t y  c u r v e  G(k). F i g u r e  2 p r e s e n t s  a f a m i l y  of n e u t r a l  c u r v e s  of m o n o -  
tonic  i n s t a b i l i t y  f o r  c e r t a i n  v a l u e s  of P ( cu rve s  1, 2, 3, 4, and 5 r e f e r ,  r e s p e c t i v e l y ,  to the  v a l u e s  of P = 
0.01, 0.05, 0.1, 0.125, 0.15). When P = 0 ( s ee  [3, 4]), the  m i n i m u m  c r i t i c a l  G r a s h o f  n u m b e r  Gm = 495. It 
c a n  b e  s e e n  that  a s  P i n c r e a s e s  t he  s t a b i l i t y  is  i n c r e a s e d .  M o r e o v e r ,  t he  c r i t i c a l  w a v e  n u m b e r  k m d e -  
c r e a s e s  i n s i g n i f i c a n t l y .  

A n u m e r i c a l  s tudy of the  f o r m  of the  n e u t r a l  p e r t u r b a t i o n s  fo r  s m a l l  P shows  tha t  the  to ta l  mot ion ,  
f o r m e d  f r o m  the  i m p o s i t i o n  of a p e r t u r b a t i o n  on the  f u n d a m e n t a l  f low, c o n s t i t u t e s  a s y s t e m  of f ixed  v o r -  
t i c e s ,  p e r i o d i c  a long  the  z a x i s ,  on the  b o u n d a r y  of the  c o u n t e r  f lows .  

The  s t a b i l i z i n g  e f fec t  wi th  an i n c r e a s e  in P i s  a s s o c i a t e d  with the  f ac t  tha t  f o r  f in i t e  P in the  l a y e r  
t h e r e  i s  a s t a b l e  t e m p e r a t u r e  s t r a t i f i c a t i o n  in the  c e n t r a l  p a r t  of the  channe l .  Hea t ing  f r o m  a b o v e  m a k e s  
the  d e v e l o p m e n t  of v o r t i c e s  d i f f icu l t .  An ana logous  s t a b i l i z i n g  e f fec t  w a s  noted  in a s tudy of the  s t a b i l i t y  of 
a P o i s e u i l l e  f low in a h o r i z o n t a l  channe l  h e a t e d  f r o m  a b o v e  [7, 8]. 
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The  flow i n s t a b i l i t y  which a r i s e s  fo r  m o d e r a t e  and l a r g e  P r a n d t l  
n u m b e r s  i s  qua l i t a t i ve ly  of a d i f f e r e n t  na tu re .  An e x a m p l e  of a s p e c -  
t r u m  of d e c r e m e n t s  i s  shown in F ig .  3 (P = 10, k = 4). The  i n s t a b i l i t y  
has  an o s c i l l a t o r y  c h a r a c t e r  and is  g e n e r a t e d  by a c o m p l e x - c o n j u g a t e  
p a i r  of d e c r e m e n t s  f o r m e d  in the  m e r g i n g  of the t h e r m a l  l e v e l s  u 0 and 
u 1. At  the  c r i t i c a l  po in t  a p a i r  of i n c r e a s i n g  p e r t u r b a t i o n s  a r i s e s ,  which 
d i f f e r s  by the  s ign  of the  p h a s e  v e l o c i t y .  The  p e r t u r b a t i o n  with the  p h a s e  
ve loc i t y  c < 0 p r o p a g a t e s  in the  f o r m  of a wave  a long  the u p p e r  ( r e l a t i v e  
to the  m o r e  s t r o n g l y  hea ted)  f low, wh i l e  the p e r t u r b a t i o n  with c > 0 i s  
c a r r i e d  away  by the l o w e r  (colder )  flow. 

The  n e u t r a l  c u r v e s  G(k) a r e  shown in F ig .  4; C u r v e s  1, 2, 3, 4, 5 
and 6 c o r r e s p o n d  to the  P r a n d t l  n u m b e r s  P = 1.5, 3, 5, 10, 25, and 50. 

The  m o s t  " d a n g e r o u s "  p e r t u r b a t i o n s  a r e  the  s h o r t - w a v e  p e r t u r b a t i o n s  wi th  km ~ 4 .  With i n c r e a s i n g  P,  the  
m i n i m u m  c r i t i c a l  G r a s h o f  n u m b e r  Gm d e c r e a s e s ,  and f o r  l a r g e  P we  have  the a s y m p t o t i c  r e l a t i o n s h i p  

( ; , , ,  = '0(;4 / p (3.1) 

In th i s  r eg ion  of P r a n d t l  n u m b e r s  the  s t a b i l i t y  bounda ry  is  d e t e r m i n e d  by the  c r i t i c a l  l~ ty le igh  n u m -  
b e r  Rm = G m P  : 964. 

T h e  n e u t r a l  c r i t i c a l  p e r t u r b a t i o n s  have  an o s c i l l a t i n g  c h a r a c t e r .  T h e i r  p h a s e  v e l o c i t y  c m (at a neu -  
t r a l  c u r v e  m i n i m u m )  d e p e n d s  weak ly  on P.  As  P i n c r e a s e s  f r o m  0.6 to 50, e m g r o w s  m o n o t o n i c a l l y  f rom 
0.67 to 0.86. 

P e r t u r b a t i o n s  r e s u l t i n g  in an i n s t a b i l i t y  of the  type  d iscussc<l  have  a c e l l u l a r  s t r u c t u r e  and a r e  c h a -  
r a c t e r i z e d  by a d e f i n i t e  l o c a l i z a t i o n  in the  f low. P e r t u r b a t i o n s  with a n e g a t i v e  p h a s e  ve loc i t y  a r e  l o c a l i z e d  
in t he  u p p e r  p a r t  of the  l a y e r ,  w h e r e  the  r e g i o n  of u n s t a b l e  t e m p e r a t u r e  s t r a t i f i c a t i o n  is  l oca t ed .  T h e s e  
p e r t u r b a t i o n s  l e a d  to the  f o r m a t i o n  of w a v e s  p r o p a g a t i n g  a long  the u p p e r  f low; the  l o w e r  f low i s  p r a c t i c a l l y  
u n p e r t u r b e d .  P e r t u r b a t i o n s  with a p o s i t i v e  p h a s e  ve loc i t y  c o n s t i t u t e  c e l l s ,  c o n c e n t r a t e d  in the  uns t ab ly  
s t r a t i f i e d  l o w e r  l a y e r ,  and t h e i r  i m p o s i t i o n  on the ma in  flow r e s u l t s  in w a v e s  p r o p a g a t i n g  a long  the  l o w e r  
flow. 

The  r e s u l t s  g iven  h e r e  c o n f i r m  the  fac t  that  fo r  l a r g e  v a l u e s  of the  P r a n d t l  n u m b e r  P the  i n s t a b i l i t y  
i s  a s s o c i a t e d  with the  p r e s e n e e  in the  f low of p o t e n t i a l l y  u n s t a b l e  z o n e s  fo r  the  d i s t r i b u t i o n  of t e m p e r a t u r e .  
C e l l u l a r  p e r t u r b a t i o n s  a r i s i n g  in t h e s e  zones  a r e  c a r r i e d  away by the  ma in  flow. TIle c r i t i c a l  s i t ua t ion  f o r  
the  f low i s  d e t e r m i n e d  by the  c r i t i c a l  P~y le igh  n u m b e r  (3.1). As  a c h a r a c t e r i s t i c  of the  f low, we can  i n -  
t r o d u c e ,  a long with the Ray le igh  n u m b e r  R d e t e r m i n e d  in a c c o r d  with the  long i tud ina l  g r a d i e n t ,  a l s o  a 1-lay- 
lc igh  n u m b e r  R , ,  d e t e r m i n e d  a c c o r d i n g  to the  t r a n s v e r s e  t e m p e r a t u r e  d i f f e r e n c e  on the b o u n d a r i e s  of the  
(upper  o r  l ower )  u n s t a b l y  s t r a t i f i e d  l a y e r  and i t s  t h i c k n e s s .  It is  ev iden t  f r o m  the  fo rm of the  u n p e r t u r b e d  
t e m p e r a t u r e  p r o f i l e  (1.6) tha t  t h e s e  R a y l e i g h  n u m b e r s  a r e  r e l a t e d  a s  fo l lows :  R ,  = c o n s t  R 2. The  f o r m u l a  
(3.1) m e a n s  that  R ,  i s  a c r i t i c a l  p a r a m e t e r ,  s e r v i n g  a s  a t yp i ca l  c r i t e r i o n  of ILayleigh i n s t a b i l i t y .  L o c a l -  
i z a t i on  of the  p e r t u r b a t i o n s  in one of the  u n s t a b l y  s t r a t i f i e d  l a y e r s  i s  t y p i c a l .  With i t  t h e r e  i s  a s s o c i a t e d  a 
c h a r a c t e r i s t i c  wave  length  fo r  the  c e l l s  which  a r i s e  ( k m ~ 4 ) ,  be ing  found to bc of a t h i c k n e s s  on the o lx le r  
of a s t r a t i f i e d  l a y e r .  
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The composi te  resul ts ,  which relate  to the stability boundaries,  a re  shown in Fig. 5. Curve I shows 
the dependence of the minimum cr i t i ca l  Grashof number Gm on the Prandtl  number  P for  monotonic p e r -  
turbations of a hydrodynamic cha rac te r .  Curve II re la tes  to the Rayleigh instability mechanism. 

The resul t s  presented he re  re fe r  to the case  of two-dimensional  perturbat ions.  Fo r  the problem con-  
sidered there a re  no t ransformat ions ,  which make it possible  to reduce  a three-dimensional  problem to a 
two-dimensional  one (this is in cont ras t  to the case  of a layer  with a t r ansve r se  t empera tu re  difference, for  
which such t ransformat ions  a re  available; see [9]). The problem concerning the behavior  of three--dimen- 
sional per turbat ions requi res  a separa te  t reatment .  
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